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It should be clear that in order to obtain a lift it 
is necessary that the air which flows p^ast an aerofoil be 
given a downward acceleration; indeed the lift can be only 
the reaction produced by the downward acceleration of the 
flowing air. The motion of the air in the neighborhood of 
an aerofoil may be followed theoretically with great exact- 
ness. In the following, it will be undertaken to make under 
stood, through the simplest possible considerations, the ef- 
fect of span and loading on the air force on an aerofoil, 
and while these do not form a strong proof of the correct- 
ness of the formulae developed, yet they explain the essen- 
tial features of the phenomena. 

One may obtain a practical mental picture of the flow 
in the region of an aerofoil by imagining that at a given 
instant a horizontal surface behind the wing is moving down- 



-«vard with a velocity This surface has a "breadth equal 

to the span b and extends to an infinite distance to the 
rear of the aerofoil ( i nfinite in relation to the point 
from wvhich the flight of the aerofoil began,) The quali- 
tative course of such a, fl0;7 requires no special difficul- 
ty in presentation. The entire air column above and below 
the surface partakes of the dowiward motion, al-uhough the 
velocity will be less and less as the dista.nce from the 
surface increases. In order to further simplify our in- 
vestigation let us pass from this infinite air mass, with 
its velocity decreasing to :::ero, to an air mass of finite 
boundaries which is in uniform motion with the velocity w. 
Let the breadth of this air column be b and its height 
be h. 

The lift A is equal to the vertical momentum impart- 
ed to the air per second, or to the product of the nass by 
the vertical velocity. Since in ee^ch second, a mass equal 
to bhv) is affected by the aerofoil and is influenced 
anew (the hypothetical board becomes v m. longer each 
second), the imparted vertical momentum and therefore the 
lift, is 

y 

A = — bhvw 

g 

where 

X = air density, 

V = velocity of flight. 
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Concsrr.ing the ir,agriitude of the effective height h, 
;¥e can not be certain v/ithout experiment. Yet it is clear 
that it may be expressed, in multiples of the breadth of 
the board, i.e., of the space b. We can therefore say 
that 

h = Kb 

The vertical velocity behind the aerofoil is then given by 



7 , Kb^V 
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If 7,6 introduce the rjipact pressure 

^ e 

and the surface it is 

where ^ - the lift coefficient and b^/F is the mean 
qi' ^ 

aspect ratio of the aerofoil. (if the chord t is ccn- 
stont F :r bt and H_ ^ ^) . The velocity ;t prevails 

r t 

some distance to the rear of the aerofoil in che path of 
flight, at some distance forward the air is yet undisturb- 
ed. It is therefore permissible to assume that at the aer- 
ofoil a vertical velocity of '-7* prevails and that its 
value is between o and v;. Considerations of similarity 
lead to the conclusion that this velocity may be taken 
proportional to w so that ^ve obtain 

7/» _ 1 



V 



2 K ^ b^ 



Ordinarily the vertical velocity v.lll not be con- 
st o.nt over the entire aerofoil. Its v?,riation along the 
span will depend upon the distribution of lift along uhe 
span. The more exact consideration* of the actual course 
of the streamlines and their influence upon the coeffic- 
ients shows that in the best case the vertical velocity is 
constant along the span; k' therefore has the value of n /3 , 
This occurs when uhe distribution of lift along the span 
is proportional to the ordinate s of a half ellipse (see Fig. 
!)• From the usual performance of aerofoils it appears 
ohe mean value of previously derived is not essentially 
different from this best value. V/e can therefore see that 
the formula 

w' _ 1 c^ F 

V TT 

using the best value for ^ v^hich is possible for the 

V 

given proportions (lift ^^nd span) gives very accurate ap- 
proximations for the normal aerofoil. Pronounced devia- 
xions are to be expected if the aerofoil is strongly wPushed 
out or if the sections at tips are essentially different 
from those at the center (Taube). 

The aerofoil is in an airstream deflected do^Jvnwards by 
its motion. The tangent of the angle of inclinauion of this 

airstream to the horizontal has the mican value It is 

v 

A 

on one hand oroporticnal to the lift coefficient c. = ^ 
1 t ^ cF 

* Originating in the thorough research of Prof. Prandtl that 
whenever the lift varies along the span vortices are always 
formed especially in the proximiity of the wing tips and are 
dirtributed in an approximate straight line behind the aero 
foil. It is assumed that the "field'' set up by these ver- 
tices give the actual course or direction of the air motion 
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and on the ether hand approximately proportional to the mean 

V 2 

aspect ratio , The inclination will be zero if there 

is no lift, and also for all lifts in the case where the 
aspect ratio is infinite. As a result of this latter con- 
dition the aerofoil of infinite aspect ratio has special 
significance because after a fashion it supplies a normal 
form to which "che force on a chosen aerofoil in an undis- 
torT^ed air stream, without the disturbing influence of a 
deflected air stream, may be compared. The force on an aero- 
foil of finite span is therefore the same as that obtained 
on an aerofoil of infinite span placed in an airstream which 
has uhe inclination of . The calculation is made ac- 

cording to the following outline, in which the angle of in- 
clination of the airstream is denoted by cp (tan cp = ~ ) 
and the angle of the chord of the aerofoil byoc^. The values 
for the aerofoil of infinite span are denoted by the sub- 
script 00 . 

The aerofoil of infinite span at the angle of attack 
has a lift coefficient of Ca^ and a resistance coeffic- 
ient of c.^ ; the resultant is therefore c^, (Fig. 2). 
In order to find the force on an aerofoil of finite span 
one must next obtain the angle of inclination cp from the 
equation 

^ _ 1 F 

uan cp - fT • ^a • rS" 

0 

(Since the lift coefficisnt c^ of the aerofoil of finite span 
is very nearly equal to c^ , the value c^^ m.ay be used to 
calculate cp ) . 



If we now consider the entire figure to be turned 
through the angle cp (Fig. 3) we obtain the picture for the 
aerofoil of finite span in a horizontal airstream (Fig. 4). 
Tn order to obtain the lift and drag coefficients for the 
aerofoil of finite span, we now need but resolve the re- 
sultant c,, which has been givan the additional inclination 
m into itG vertical and horizontal cccponents c^ and c. . 
From the customar^^ small angle a^pproximat ions (cos £ = 1, 
sin c = tan ^ = ) there result the following simple 
formulae 



^W = °Woo 



in which 
1 

9 = TT 



There is one fact which is not taken into account in these 
formulae, but it is pracuically of slight importance: the 
vertical velocity w' of the deflected airstream at the 
leading edge of the aerofoil is somewhat less than that at 
the trailing edge, uhe airstream is therefore somewhat 
curved. Accordingly it is necessary that the aerofoil of 
finite span be more deeply cambered than the aerofoil of 
infinite span in order that they may have the same result- 
ant force. 



2. Practical Formulae, 

It quite frequently happens in practice that it is 
desired to obtain the characteristics of an aerofoil of giv- 
en aspect ratio when v;e have the data on the sane profile 
for aaiother aspect ratio. Denoting the coefficients for 
one aerofoil by the subscript 1 and those for the other 
by 3, ".ve have the following equations which give the de- 
sired result if v;e compare each surface with the aerofoil 
of infinite length, using the above formulae, and take the 
difference of the results. 
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in which 
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The results of these Oc.lculati ons do not give the air- 
force on the two aerofoils for the sane angles of incidence 
Ordinarily this is no objection since the values may be 
plotted in a curve of air force against angle of attack, 
which may be extended to cover the entire range of angles 
for the new aerofoil. 



Note. The angles are measured in radians. They may be con- 
verted to degrees by the use of the factor 57.3 for 
example 
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